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I. INTRODUCTION 

The quantum principal chiral sigma model is completely integrable in one space and one time dimension [Q]], |01. Its action is 

N C 

S = cfx^Trd^Uixyd^Uix), (1.1) 

z 9o J 

where U (x) G SU(N), v = 0, 1, and where tf"" is the Minkowski metric, 77°° = 1, r/ 11 = — 1, if 1 = ?/ 10 = 0. The action is 
invariant under the global transformation U (x) — > VjJJ(x) Vr, for Vl : Vr G SU (N). The model is asymptotically free and has 
a mass gap m. There are two Noether currents, 

—iN —iN 
3fr)Z = ^d,U ab (x)U* bc {x), j*(x)t = U* da (x)d,U ab (x), (1.2) 

where where a, b = 1, N., associated with the symmetries U — > VlU and U — > UVr respectively. 

In this paper, we calculate the two- and four-excitation form factors of the current operators using a large- A*" expansion and 
the form-factor bootstrap method fl. This approach has been used in Reference [4], to find the form factors of the renormalized 
field operator. We also find the two-particle form factor for all N > 2. 

In the next section, we review the exact S matrix for the chiral model. We calculate the two-particle form factors in the planar 
limit in Section III, and for general N in Section VI. In Section V we calculate the four-particle form factor, and we discuss our 
results in the final section. 

II. THE EXACT S-MATRIX AND MULTIPARTICLE STATES 

The sigma model has elementary particles of mass m, which carry both left and right colors. These elementary particles form 
bound states that obey a sine formula JH 

sin(¥) 
sm(f ) 

where m r is the mass of a r-particle bound state. In the large-A limit, the mass of a r-particle bound state is m r — mr, for 
finite r. This means that there are no bound states of a finite number of elementary particles in the planar limit, since the binding 
energy vanishes. 

We introduce particle and antiparticle creation operators 2lp(6') a { ) and ^ A (0)ba, respectively, where 8 is the particle rapidity, 
defined in terms of the momentum vector by po = m cosh 6, pi = m sinh 9, and a, b = 1 , . . . , N are left and right color indices, 
respectively. A product of creation operators acting on the vacuum in order of increasing rapidity, from left to right, gives the 
multiparticle state 

\P, 0i, a u h; A, 9 2 , b 2 , a 2 ; ...) ln = aj^Oa^a^k^ . • . |0), where 6i>6 2 > .... (H.2) 
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The S matrix of two particles, with incoming rapidities 9\ and 9%, outgoing rapidities 9[ and 9' 2 , is 

out (P, 9[, a, dj; P, 9' 2 ,c 2 , d 2 \P, 9 1 ,a 1 ,b 1 ;P, &2, oa, h) in = S PP {9)% d b ^ 2 ^5{9' 1 - 9 1 )4nS(6' 2 - 9 2 ), 
where 9 = 8\ — 9 2 . We follow convention and call the function Spp{6)°^ b 2 '.'^ ^ the S matrix. It is given by 

S PP( )T 1 b 1 %lb 2 = X(^)'5'cGN(6 l )a 2 1 ;a 1 2 'S'cGN(6')b 1 2 ; 'b 2 1 , 

where 5cgn(#) is the S matrix of two elementary excitations of the SU (N) chiral Gross-Neveu model fl, 101: 



(H.3) 



and x(9) is the CDD factor H: 



T{i9/2ir + l)T(-i6/2w - l/N) 
T{i9/2n + 1 - l/N)T(-i9/2n) 



x( , ) = Binh(|-f) 



1m 

A c iA c 2 A Cl A C2 

°a 1 °a 2 N 0°a 2 °a 1 ] ' 



sinh(| + f) 



(H.4) 



The particle-antiparticle S matrix is related to the particle-particle S matrix by crossing, i.e. 9 9 = ni — 9. The S matrix 
for a particle with incoming rapidity 6\ and outgoing rapidity 9[, and an antiparticle with incoming rapidity 9 2 and outgoing 
rapidity 9' 2 is 



SAp(et2f 2 t=s(9,N) 



°b 2 °a 2 a 1 °b 1 



2m 
N9 



|0aia 2 ° °b 2 °b 1 + °a 2 °ai °6i &2 



4tt 2 



di rf 2 



^ ai a 2 ^ ClC2 <5bif) 2 ^ 1 



where 



S(0,iV) 



sinh 



'8 _ m\ 
i2 N I 



sinh 



Q I 7Tj 

2 ' AT 



r(i6»/27r + i)r(— i6»/27r - i/iv) 



1 + 



1 

iV 2 



(H.5) 



(H.6) 



(II.7) 



_T(i9/2ir + 1 - l/N)T{-iO/2n) 
The creation operators satisfy the Zamolodchikov algebra: 

4(^l)ax6 1 4(^)a 2 6 2 = Spp(^^*; C ^4(^) C2t22 4(^) Clrfl , 

a^iWa^fcOfca, - s AA (^)*^;^4(^) d2C2 2il(^) dlcl) 

2lk^l)a l6l 4(^) 62Q2 = S AP {e)%^t^A{^)d 2 c^l)^- 

The r-excitation form factor of an operator *B(a;) is defined as 

(0|B(aO|Ji, 9i, Cx; • • • ;I r , 9 r , C r ) = e"*^ ^ J-? .... r . . . , r ), 

where /fe = P if the fc th excitation is a particle, and Ik = A if the fc th excitation is an antiparticle, is the set of indices ak , bk 
for Ik = P or bk, a,k for 7^ = A. The x-dependence of the form factor is trivial, due to Lorentz invariance. 

The vacuum expectation value of two operators *B(x) and €.(y) can be expressed in terms of form factors, using completeness 
of in states: 



<0|«8(a;)e(j/)|0) = (0|!8(a:)|0)(Q|C(tf)|0> 

d6i . . . d9 ri d(f)\ . . . d(p t 



oo oo 

EE 



(27r) r + t (r + £)! 



(O|58(x)|P,0i,ai,l!>i; . . . ; P, 9 r , a r , b r ; A, fa, di, ci; . . . ;A, fa,d t ,c t ) 



r=l t=l ' 

x (P, 0i,ai,&i; . . . ;P,9 r ,a r ,b r ;A,fa,d-i,c\; . . .;A,<f> t ,d t ,c t \€(y)\0). 



(II.8) 



III. SMIRNOV'S AXIOMS AND THE TWO-PARTICLE FORM FACTORS 



In this section we calculate the first nonvanishing form factor of the current operators at large N. We will discuss only the 
left-handed current j^(x) c a in detail, since the same method yields the right-handed-current form factor. 
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Under a global SU(N) x SU (N) transformation, the current and the particle and antiparticle creation operators transform as 

jfc)^V L jf;(x)vL *UB)^V&U0)Vl *\{6)^V L *\{9)V R . 

Only form factors with equal number of particles and antiparticles are invariant under such global transformations. The first 
nontrivial form factor is 



for 1 > 62, and 



(0|#(aO«oc 14 61, h, 01; P, 2 ,a 2 ,b 2 ) = (aljfaUco^AiOi^a&UhUbz |0> 
(0\rt(x) ao c o \Pu 01, ai, 6 l5 A, 2 , 6 2 , 02) = (0|j^(x) aoco 2t^(6» 2 ) a2b2 2t^(6' 1 ) biai |0) 



(in.i) 



(III.2) 



for 02 > Oi, where, as before, = 0\ — 02- Lorentz invariance requires that the functions F\{0) and F2(9) depend only on the 
rapidity difference ^ . 

We next apply the scattering axiom, also known as Watson's theorem fj^. This axiom follows from the Zamolodchikov algebra 
(1II.71 I on the creation operators of the in-state. This gives a relation between Fx^O) and F[ 2 {9): 

m^)a Q c o ^02)a 2b ^\{0l) b ^ (IH.3) 

After some work, these reduce to the relations 

2m 



F[(0) = S(0,N) 1- 



= S(0,N) 



2ni 



Fi(0), 
2 



1 {-2m 4?H 



I- — ) F 2 (0) + - ( — - — )F 1 (0) 



(m.4) 



In obtaining (IIII.4I) . some factors of in the S matrix were canceled by summing over group indices in (IIII.3I) . 

We next consider the Smirnov periodicity axiom Q, which follows from crossing symmetry. For the Af -excitation form 
factor of an operator 25(0), the periodicity axiom is 



(01*8(0)2^ (0i) Cl < (0 2 )c 2 ■ ■ ■ %\ M (0m)c m |0) 

= mm\ M (0M - 2m)c M ^ h (9i) Cl ■ .M\ m i {0 M -i)c m -AO). 

For more discussion of this axiom see References 0], |0|. 

Applying the periodicity axiom to our form factors (IIII.lt , we find the two equivalent conditions: 



(m.5) 



and 



(oii^okcoa^WX^iKailo) = (o|^(o) ooeo a]i(ei-27rt) 6ici aj,(^) oa i a |o> 

^F[J9) = F lj2 (9-2m), 



(O\jf:(O)a o c o ^ A (0i) bl aAU^)a 2b2 \O) = (0|# (O) OoCo 24(0 2 - 2m\ 2b2 4 (0 1 ) biai |0> 



Combining dIH.4t with HUM gives 

F 1 (0-2m) = S(0,N) 

F 2 {0-2m) = S(0,N) 



where we have defined the function S(0, N) = S(9, N). 
The tracelessness of the current operator implies 



Fi,2(0) = F'(9 + 2m). 



Fi(0), 



(111.6) 



(111.7) 



F 2 (0)+S(0,N) 



2m 



N(9 - m) 



Fi(0), 



(III.8) 



{Q\j L Jx) a a \A 1 ll b l ,auP,92,a 2l b2) = (pi - [Fi(9)5 ara2 5 blb2 + NF 2 (9)5 aia2 S blb2 ] = 0, 
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F 2 (9) 



Fi(9) 
N ' 



(IH.9) 



The form factor is now 



a c Q \A, 6x,bi,ai;P,0 2 ,a 2 ,b 2 ) 



(pi -pi) u Fi{9) 



3a a 2 3b 1 b 2 3c a 1 jy-3a c fib 1 b 2 5a 1 a 2 



where Fx (6) satisfies 



Fx(e - 2m) = S(0,N) 



Fi(0)- 



For large N, we expand S(6, N) = 1 + O (^) and Fi(6) = F?(6) + ±Fl(d) + j^F?(6) + . . . , so that 



The general solution to dill. 1 2b is 



F?(0) = 



9(0) 



-)F°(0). 



(III. 10) 



(III. 11) 



(III. 12) 



(III. 13) 



where g(6) satisfies the periodicity condition g(8 — 2m) = g(9). The minimal choice is to take g(ff) = g, a constant. 
Next we determine the value of g. There is a conserved charge Qa QCo , associated with the current operator. This charge is 



Qa 



dx Jo (x) a 



We fix the value of g by requiring that the charge generates the SU (N) Lie algebra: 

Qa a = 0, [Q L a2 Cl , Q^} = if , 

where the structure coefficients are 

fcic 2 a 3 ■ / mfosm _ xci 103 xc 2 \ 

Ja 1 a 2 c 3 1 \ u a! u a 2 u c 3 u a 2 u a 1 u c 3 J • 

We cross the incoming particle from Equation fllll. 1 Ob to an outgoing antiparticle, via 6 2 — >• 2 — 7ri, to find 

(A, 6 2 ,b 2 ,a 2 \jo(x) aoco \A, di,bi,ax) 

— m(cosh6*i + cosh 6*2) exp{— im[x° (coshOi — cosh 02 ) — 2r(sinh0i — sinh^)]} 



(III. 14) 



xFi(9 + TTi) I ^0002^162^001 ~ J^^aoca^b^Sata^ 

The integral over x 1 gives the matrix element of the charge operator: 



(A, 0i, 62, a 2 \Qa 0C0 \A, 0i, 61, ai) 



1 



= (2tt) 2(pi) o <5(0i - 9 2 ) ( S aga2 S blb2 S Cgai - —S aoCo 5 blb2 5 aia2 ) Fi(7ri) 



The matrix element of the commutator of two charges is found by inserting a complete set of one-antiparticle intermediate states: 

(A,e 2: b 2: a 2 \[Q^ oCo ,Q^ C4 ] \A,9 lt h,ai) 

= J ^(A,0 2 ,b 2 ,a 2 \Q^ oCo \A,e 3 ,b 3l a 3 )(A 1 6 3l b 3l a 3 \Q^ Ci \A 1 ll b ll a 1 ) 

- J ^(A,e 2 ,b 2 ,a 2 \Q^ c JA,9s,b 3 ,a 3 )(A,9 3 ,b 3 ,aM 0C0 \A,e 1 ,b 1 ,ai). (m.15) 
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With the choice F(ni) = 1, Equation (MI. 151 ) becomes 

(A,9 2 ,b 2 ,a 2 \[Q^,Q^] \A,e x M,a x ) 

= ifZZcl (A 2 ,b 2 , a 2 \Q^ \A,9 U h, oi), 

which is equivalent to (IIII.14I ). This fixes the constant g = 2wi. 

We have not yet discussed the annihilation-pole axiom This axiom relates the form factors of M particles to the form 
factors of M — 2 particles. The general multiparticle form factor of the current operator is 

(0|j^(0) aoCO |A J fli, 61,01;.. .jA.fl,,^ , ai;P, 9i + i,ai + i,bi +1 ; . . . ; P, 9 2 i,a 2 i,b 2 i; A, 

On) 

= [Pi H VPl - (Pl+l H \-P2l) + Pn-1 -Pn]^^ ^!, ■ ■ ■ ,0 n ) aoCoai ... an]bl ... bn . (III. 16) 

Here we have factored out the vector-valued pre-factor in square brackets, consisting of a linear combination of the particle 
momenta, chosen to make T°(8i, . . . , 8 n ) a Lorentz scalar. We define a Lorentz-scalar-valued operator O aoCo by 

(0|O aoCo |A, 8 1: bi, ai; . . . ; A, 8t,bi,af,P, 9i +1 ,ai +1 ,b[ + i; . . . ; P, 9 2 i, a 2 i,b 2 i; A, n _i, 6 ra -ij On-i! P, S n , a n , b n ) 

— 3~ (Bi , . . . , 9n)aocoai ...a n ;bi...b n ■ 

The form factor has a pole at 9 n -\ n = — 9 n = —iri, corresponding to annihilation of the (n — l) st and n th excitations. 
We cross the n th particle to an outgoing antiparticle, yielding 

(A,8 n ,b n ,a n \j^(0) aoCo \A,9i,bi,ai; . . . ; A,6i,bi,ai; P, 6*/ + i, a; + i, . . . ; P, 621, Q>2h A, n -i> b n -i, a„_i) 

= [Pi H hp; - H h p 2 i) + p n -i + Pn] a 

x (A, 8 n ,b n , a n |O aoCo I A,6i,bi,ai; . . .;A,6i,bi,af,P, 9i + i,ai +1 ,bi + i; . . . ; P, 9 2 i,a 2 i,b 2 i; A, 6*„_i, 6„_i, a„_i). 
By the generalized crossing formula [9], 

(A,8 n ,b n ,a n \O ao c \A,9i,bi,ai; . . . ;A,9i,bi,ai;P,8i +1 ,ai + i,bi + i; . . . ;P,92i,a2i,b2i;A,6 n -i,b n -i > a n -i) 

= (A, a n \A, 81, bi, a\)F (8 2 ,...,8 

+F°{8 n — iff-, 81, . . . , 9n-l)aoc a n ai...,a n -i;b n b 1 ...b n -i for 6 n > 6\ > ■ ■ ■ > 8 n -\ 

or 

= (A,8 n ,b n , a n \A, 

9n— 1 ; 6 n _ 1 , a n — i)J-~ (8\ , . . . , 8 2 i) aoCoai ,,, a2[ ;fe 1 ...fe 2! 

+J 7 °(8 1 ,...,8 n ^ 1 ,8 n + iiT-) aoCaai ... ari . M ... bn for ^i > ••• >0 n -i >9 n) (HI.17) 

where the right-hand side contains the n- and the n — 2-particle form factors, and 7r_ = n — e. Near the annihilation pole at 
8 n -in = —ni the form factors are of the form: 

•P (8 n iff— , $1, . . . , n — l)aoeoai...a n ;6i...& n "7 7j j ~ ^-(^1) • • • j ^n)aocoai...a n ;6i...6 n ) 

and 

(^1 1 ■ • ■ 1 @n— 1 7 iff— )aocoai . . .a n ;6i . ..b n — ~7> 7 ^(^1 ) • ■ • 7 ^™)aocoai ■■■d n \b\...b n : 

t>n-l — tin — 

where h(8 1 , . . . , 0„)oocoai...o„;6i...6„ is an analytic function in 6*„_ ln . We use the identity 

=F iff8(9 n -i - 8.,, 



9 n ±ie 



7n-l — C n 



where P {f(8 n -i, 9 n )} is the principal value of f(9 n -i, 9 n ). We apply Watson's theorem to Equation ( IIII.17b . and find 

(A, 9 n ,b n ,a n \O ao c \A, Ox,bi,ax\ ■ ■ ■ ;A, 9i,bi,ar,P,9i+i,ai+i,bi+x; . . . ; P 7 9 2 i,a 2 i,b 2 i; A, 9 n ~i, b n -i, a n -i) 

= (A^^^aj^^i^u.^-^^A^in-!)!^ 156 ' 1 "' 1 x ••• x s AA (e ln - x )%i2- c f ia ' 1 

xS A p(9„-ll + l)JJ ld l l l 1 1 .at+ 1 b l + 1 X ••• X S A p(9 n -i 2 i)l 2 2 [ d 1 J^~ b 1 £ 2 ' b21 X ^(Ol, ■ ■ ■ ,62l)a c a' 1 ...a' n ;b{...b' 2 

+ (^ P |^ — ~T~8~} -^C 61 ™- 1 h ( U ■ ■ ■ ,O n ) aoCoai ... an - bl ... K 

= {A, 9 n , b n , a n \A, 8 n -l, b n -l, a n -l)J 7 °(9l, . . . , 9 2 l) ao c a 1 ...a 2 i;b 1 ---b2l 
1 



7n-l — O n 



-\- iff5(9 n — i 9 n ) J h{yi, ■ - . , $n)aocodi...a Tl ;6i...6 T1 • 

(III. 18) 
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We will use the normalization (A, 9 n , b n , a n \A, 9 n -i, b n -x, a-n-i) = 4vT<5 aTl _ ia 8b n _ 1 b Tl 5(8n-i — S n ). Comparing the terms 
proportional to 5(9 n ^\ — 9 n ) in ( 1IH.18I ), we recover the annihilation pole axiom Jgt]: 

h{9\ : . . . , 9 n —i , 9 n — ijcjgcoOi . ..a n \b\ ...b n 

R,CS 1 n _ 1 n — — TTiJ~ 19\ j • • • ) 9%l , 9 n — \ , 9 n ) aoCoai ...a 2 i a n — \a n \b\ ...b2ib n — \b n 
= 2iT°(9\ 1 . . . ,92l)a c a' 1 ...a' 2l ;b' 1 ...b' 2l $a' n _ 1 a n $b' n _ 1 b n 

X (Sa' iai ■ ■ ■$a> ri _ 1 a n - 1 $b' 1 b 1 ■ ••^_ 1 6„_ 1 ~ S A a{9i n ^i) ^./^ 1 1 X • • • X S A A {9 1 n-1 )d~c^b\ci 

x Mtmitt,^ x ... x ^p(^_ 12 o:^ 2 1 ( t;C^' 2! ) . (ni.19) 

IV. TWO-PARTICLE FORM FACTORS AT FINITE N 

In this section, we find the exact two-particle form factor of the current operator, for arbitrary N > 2. For N = 2, the principal 
chiral model is equivalent to an 0(4) -symmetric vector model. The form factors of currents of the 0(4) model were found in 
Reference fioll . 

Our result for the two-particle form factor, for general N, is 

\A,9 1 ,b 1 ,ai;P,9 2 ,a2,b 2 ) 

= (Pi —P2)tlFl(9) ^S aoa2 Sb 1 b 2 Scoa 1 - -^-<5aoCcAl&2<5aia2 

where F±(9) satisfies equation dlll.lll ). We insert 

9(0) 



Fi(9) 

v -|- vi t 

into (IIII.11I ), finding 

g{9 - 2m) = S(9, N)g(9). (IV.l) 

We solve Equation (II V. lb by a contour-integration method first used in Reference II 1 CXI ■ We define a contour C to be that from 
— oo to oo and from oo + 2tti to — oo + 2iri, bounding the strip in which the form factor is holomorphic. Then 

, ,™ f dz , z -°, / [°° dz , z-9, g{z) 
\ng{9) = / — rcoth \ng(z) = / — : coth In 



j c Airi 2 J_ 00 Airi 2 g(z + 2iri) 

We differentiate both sides with respect to 9, and use ( IIV.1I ) to write 

- [\ng(9)} = — / — " -lnS(z,N). (IV.2) 

d9 8tt« y.oo smh Mz — 9) 



The solution to (IIV.2I ) is 



g(9)=gexpl dx A( x ,N) S ^^^M, (IV.3) 



where the function A(x, N) is defined by 

S(0, N) = exp J dx A(x, N) sinh , (IV.4) 

and g is a constant. Note that expanding the S matrix in powers of 1/N yields A(x, N) = ^B(x) + O(jjj). 

To express the function S(9, N), presented in ( III. 6b . in the form (IIV.4I I. we use the integral formula of the gamma function 

EL id, 



r(z)=exp 



1 - e" 



(z-l)e- 



forRcz > 0. 
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Then 



r(g + i)r(^-a 
r(£ + i-*)r(^) 



exp 



da; 4e"* (e 2 ^ - l) . , /x0\ 

r — =5; — smh — 

x 1 — e ZK \ m J 



for AT > 2. We use the formula H 

sin 5(.js + a) 



n f°° dx sinhx(l - z) . . . 

exp 2 / — sinh(xa), tor < z < 1, 

sin-j^z — a) Jq x smh a; 



to write the CDD factor as 

sinh (i - 



sinh 



fj sinf((l-^)-A) 
g, -nf((l-A) + ^) 



exp 



dx -2sinh(2x/iV) , / x0 
— smh I — 

x smh x 



for N > 2. Combining iTV.51 and dIV.6b gives 

f°° dr 

S(0, N) = exp / — 
Jo z 

From ( II V. U and (IIV.3b . the form factor is 

F ^=m—^r d - 

(0 + m) J x 



-2 sinh(2x/A0 4e- x (e 2x ' N - l) 



sinhx 



1 - 2" 



sinh I ^ 

7TI 



-2 sinh (22) 4e" x (e 2 ^ - 1) 



sinhx 



1 - e" 



sin 2 [x(7ri - 6>)/2tt] 
sinhx 



(IV.5) 



(IV.6) 



(IV.7) 



(IV.8) 



The condition F\ (m) = 1 implies g = 2ni. 



for 6»i > 6» 2 > 03 > 



V. FOUR-PARTICLE FORM FACTORS 

Next we find the four-excitation form factor of the current operator, in the large-N limit. Only the form factor with two particles 
and two antiparticles is non-zero, because of the global symmetry. The most general Lorentz- and SU(N) x SU(N) -invariant 
four-particle form factor, respecting the tracelessness of the current operator is 

(0)q o c o I A 0%,h,ai;A, 2 ,b 2 ,a 2 ; P, 3 , a 3 ,b 3 ;P, 4 , 04, 64} 

= (0|^(0) ao c o 2l] 1 (ei)6 iai 2lJ 1 (fe)6 2 a 2 4(^)a 3 fe34(^)« 4 fe 4 |0) 

= -j^[Pl + P2 - P3 - P4\n F(0i, 2l 03,04:) ■ DaocoaK^aaai-fi^bsba 

(0|j'm (0)a oCo I A, 0i, 61, ai; P, 2 , a 2 , b 2 ; A, 3 , b 3 , a 3 ; P, 4 , a 4 , fo 4 ) 

= (O|^(O) aoco a] 1 (0 1 ) feiai 2l^(03)as634(^)6 2 a 2 4(^)a4fe4|O> 

= jybl +P2 — P3 — P4]/* G(01,02, 03,@4) ■ Daoc aia 2 a3ar,bi 626364) ( V - 2 ) 

for 6»i > 3 > 2 > 4 , 

(°)a c 1 A 0i, 61, ai; P, 2 , a 2 , 6 2 ; P 03, ^3, &3; A 04, 64, a 4 ) 

= <O|^(O) aoCO 2l^(0i) 6lOl 2lU^3) O3 632lk^)a 4 64^(02)6 2 a 2 10) 

= Jj[Pl +P2 —P3 -pi]^H(0l, 2 , 03,04) • D aoCo a 1 a 2 a 3 a A ;b 1 b 2 b 3 b i , (V.3) 



for 01 > 3 > 04 > 02, 



(0|j^(0)a o c o IP 01, ai, &i; A 2 , 62, a 2 ; P 03, o 3j b 3 ; A, 4 , 64, a 4 ) 

= (O|^(O) aoCo 4(0 3 ) a3 6 3 ^(0i) 6iai 2lU04) O4 6 4 4(0 2 )6 2 a 2 |O) 

— ~pj{Pl +P2 —P3 —Pi\iJ,K{6\, 2 , 03,04) • Aj D coaia 2 a 3 a 4 ;6i& 2 6 3 6 4) (V.4) 



for 3 > 1 > 4 > 02, 



(Obp ( )aoco \P, Oi,ai,h;P, 2 ,a 2 ,b 2 ;A, 3 , b 3 , a 3 ; A, 4 , 64, a 4 ) 

= (0|^(0) ao c o 4(^)a3634(^)a 4 6 4 2lI l ^l)6 1 a 1 4(^)6 2 a 2 |0) 
= j^bl +P2 -P3 - Pi\v L(9i, 9 2 ,03,04) ■ Da c a 1 a 2 a 3 a 4 .;b 1 b 2 b 3 b i , 



for 3 > 6» 4 > 0! > 6» 2 , 



{0|j^ (0) QoCo I i 3 , 0i, ai, bi; A, 2 ,b 2 ,a 2 ;A, 63, b 3 , a 3 ; P, 64, a 4 , fe 4 ) 

= (O|^(O)a„c o 4( e 3)a 3 a3^(0 1 ) hiai <(0 2 ) 62a2 ^(04)a 4b4 |0> 
= "^bl +P2 -P3 ~ Pi]^Q{O\,O 2 ,03,Oi) ■ D aaCaai a 2 a 3 a 4 ;b 1 b2b 3 b4, 



for 3 >0!>0 2 > A , 



(Otf£ (O)aoco 1-4, 02,b 2 ,a 2 ; A, 1 ,b 1 ,a 1 ;P, 63, a 3 , b 3 ; P, 4 , a 4 , 6 4 ) 

= (O|^(O)„ oCo 2lJ 1 (02)6 2 a 2 4(^)6ia 1 4(^)a3632tk^)a 4 6 4 |O) 

= +P2 — P3 -P4] AI ^(^2,^1,^3,^ 4 ) ' D aa c a a 1 a 2 a 3 ai;b 1 b 2 b 3 bi, 

for 6*2 > 6>i > 3 , > 04, and 

(O)qoco 1-4, 01, h, 01; A 2 ,b 2 ,a 2 ; P, 4 , a 4 , b 4 ; P, 3 , a 3 , & 3 ) 

= (O|^(O)„ o c o 2lI 1 (0l)6 iai aI 1 (02)6 2 a 2 2tJ 3 (0 4 ) O4 fe 4 2tk^3)a363|O) 

= ]ybl +P2 -P3 -^4]/* F{0\,0 2 , 04,03) ■ Da Q c Q a 1 a 2 a 3 a i -Mb2b 3 bi, 



for 0i > 2 > 4 > 03, where we define the eight-component vectors 

/ ^a a 3 '5aico ( 5a 2 o 4 <5b 1 b3(5b 2 f )4 
^ao a3 $a\ cq ^a 2 a 4 ^61 64 $b 2 b 3 



[Da c a 1 a 2 a 3 a 4 ;b 1 b 2 b 3 b 4 ] 



]\[S agCo S aia3 S a2a4 5i )1 i )3 5i )2 i )4 N 



jV ^00 Co ^01 03 <^a 2 o 4 ^61 6 4 $b 2 b 3 



OaoaiOa\Co$a 2 a 3 Ob\b 3 Qb 2 b4 JV^ a o c o ^0104 ^a 2 a 3 61 63 ^6 2 6 4 

( 5aoa 4 ( ^aiCo ( ^a 2 a3 ( 5&if> 4 , 5b 2 &3 jy ^aoco ^aia 4 ^a 2 a 3 ^61 b 4 ^& 2 6 3 

^aoa3^aia 4 ^a 2 co^6i6 4 ^6 2 63 jy^aoco^a 2 a3^aia 4 ^&i6 4 ^6 2 63 

^aoa 3 ^ai a 4 ^a 2 co $b\b 3 ^6 2 6 4 ^&oco ^a 2 a 3 ^aia 4 ^61 63 $b 2 b& 



^aoa4^aia 3 ^a 2 co^bib 3 ^b 2 b4 jy ^ 



j\r u ioco u a 2 a4 



"aia 3 



V ^004^103 ^a 2 ao ( 5bib 4 ^ 2 6 3 ^ a o c o ^a 2 a 4 ^ai a 3 <5bib 4 &b 2 63 / 



[^(01,02,03,04)] 



/ Fl (01, 02, 03, 04 
F 2 (9i, 2 , 03, 04 

^3(01, 02, 03, 04 
-^4(01, 02, 03, 04 
^5(01, 02, 03, 04 
^6(01, 02, 03, 04 
Fj(6\, 02, 03, 04 
V ^8(01, 02, 03, 04) / 

and similarly for G, _ff , i and Q. 

Watson's theorem relates the form factors with different ordering of rapidities, yielding 

(O|^(O) aoCo 4(0l) 6lOi a^(03) O 36s4(02)6 2 a 2 4(04)a46 4 |O) 

= S A p(0 2 3)ff 6 2 3 ;g^(O|^(O) aoCo ^(0i) 6iai 4(02) d2C2 4(03)c 3d 34(04)a46 4 |O), 

ao c 21^4 (01 ) 6i ai 21 p (03 ) a 3 b 3 2l P (04)a 4 b 4 21^ (02 ) b 2 a 2 1 0) 
= S A p(0 2 4)ff 6 ::g^(O|^(O) aoCo ^(0i) 6iai 4(03) a3 634(02) d2 c 2 a P (04)c 4< i 4 |O), 

(O|^(O) ao c o 2l P (^3)a36 3 4(^)6iai2lp(^)a 4 6 4 ^(0 2 ) 62a2 |O) 

<O|^(O) aoCo 2l P (03)a 3 6 3 2lp(^)a 4 6 4 4(0l) feiai at 1 (0 2 ) 62Ol |O) 
= ^(M^I^W^O)^ 

<O|j»a o c o 2l P (0 3 ) a 3 b3^A(0l)&iai^yl(02)b2O2 2lp(04)a4b4|O) 

= S A p(0i 3 )*^!^^(O|^(O) aoCo ^(0i) dlCl 4(0 3 ) C3d3 4(0 2 ) 62O2 a P (04) O4 6 4 |O), 



<O|^(O) OoCo 2lJ 1 (0l) 6lOl 2lI l (0 2 )6 2 a 2 4(03)a 3 6 3 2lp(04)a 4 6 4 |O) 
4(0 2 ) b 2 a 2 2lp(03)a 3 b 3 2lp(04)a 4 b 4 |O) 

= Spp(034)::S:< o b^ 
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These imply, respectively, 



i, 




I 


1 




-27TJ 




N0 23 




-2ni 


























V 






2ni _ 










An' 

Or,. 



-) *te+C ) ( 





1 - 



xF(8 1 ,8 2 ,9 3 ,8 4 ) + 0^— 

= ^1 (02, 03)^(0102,03, 04) + QjV 








#23 










_ 4tt 2 \ 










(i-g) 














-2-ni 
JV0 23 
1 









-2m 






1 

-27Tt 



^1 / 2-n-i 1 4tt 2 A 



(V.10) 



(01, 02,03 , $4) 



4:7Ti 

#24 



4_7T 

#0- 



■)-0 



4tt" 



2ttz 

#24 / 



xG(0 1 ,02,0 3 ,04) + O( ^ 



^2(02,0 4 )G(01,02,03,04) + O^ 



2jri 
O24 



2tH 

#24 





-2-ni 

N6 2i 

— 2iri 
N0 24 
1 











-27H 




1 

-27ri 
N0 24 






jv ^, 



4tt' 
#0/1 









\ 










































2-Ki\ 


-2iri 




024 ) 


W024 







1 


/ 



(V.ll) 



^(01,02,03,04) 



2tH 

&13 , 



V 



-27TZ 

N0 13 

1 














(' - e) 










xH(e u e 2 ,e 3 ,e 4 ) + o 



1 

7V2 






-2?rt 

AT013 
1 













1 

-27Tt 

N6 13 





— 2-ki —2ni 



N0 13 



N0 X 



^3(01, 03)^(01, 02, 03, 04) + (^2 ) > 



(l — IlZI 

\ 013 



-1 ( 2tH 
N Ui3 



4_7T 



■) (' 



















































47T« 




-1 ( 2rri 


#13 


6?3 J 


N Ui3 










eh 



2-i 

013 



(V.12) 
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L(9l, 02,^3 , 64) 



/ 


1 










-2-n-i 1 









N0 14 \ 


"14 / 












1 










-27ri 



















-2-Ki 










N0 14 

























xK{e u e 2 ,e 3 ,e 4 ) + o 



1 

iV2 



1 - 



^ 4 (6 1 ,e 4 )K(0 1 ,6 2 , 3 , e 4 ) + o(^ 








4-7T2 
#14 







4k' 



-1 

TV 



0- 



1 4tt" 
014/ 










-2-Ki 
N0 14 
1 

-2-Ki 
N0 U 








2-n-i _ 

#14 






0?„ 



(V.13) 



3(01,02,03,04) = M 3 (01,03)G(0 1 ,0 2 ,0 3 ,04) + O (--^) , 



(V.14) 



F(0i,0 2) 03,04) 



/ 1(01,02)^(02,01,03,04) + 0( ^ 



/ 





-27TI 








1 


-2Ki 
N0 12 








\ 




-27T4 











-2Ki 
N0 12 


1 





















-2Ki 
N0 12 








-2Ki 
N0 12 


1 












-2Ki 
N0 12 











1 


-2-jri 
W0 12 






1 


-2Ki 
N0 12 











-2Ki 
N0 12 












-27T4 


1 








-2Ki 

















N0 12 












-2Ki 
N0 12 


1 











-2Ki 
N0 12 




V 








1 


-2ki 
N0 12 








-2Ki 
N0 12 





/ 



F(e 2 ,e 1 ,e 3 ,e 4 ) + o 



1 

iV2 



(V.15) 



F(0i,0 2 ,03,04) 








-2-n-i 
N0 34 


-27ri 
N0 3i 


1 














\ 




-27ri 

Are 34 





1 


-2^-i 
N0 3i 


















— 27TZ 

jve 34 


1 





— 2k-i 
N0 3i 


















1 


-27ri 

JV0 34 


-27ri 

N0 34 . 




































-27ri 

^034 


1 


-27ri 

N0 3l 


















-2-n-i 
N0 3l 





-27ri 

JV034 


1 


















1 


-27ri 

jve 34 





-27ri 

N0 3i 




I 














-2-n-i 
N0 3l 


1 


-2?ri 

N9 3 i 





/ 



/ 2 (03,04)F(01,02,04,0 3 ) + { — 



F(e u e 2 ,e 4 ,e 3 ) + o 



1 



(v.i6) 
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Next we apply the Smirnov periodicity axiom (IIH.51 I: 

(0\rf(0) aa c o rt A (0l - 2 m ) biai ^(9 2 ) b2a2 ^3)a 3b3 ^p((>4)a ib M 

= (0|^(0) O0C0 4(e 2 ) fe2O2 4(^)a3 63 4(^)a4644(^)6 1O1 10>, 

(0|j£ (O)aoco2l + A (02 - 2ni) b2a2 ^U^)a 3 b 3 ^U^)a i bAl,(0l)b 1 a 1 10) 

= (0b^(0) O0C0 4(^3)a36 3 4(^)a46 4 4(^)6 1 a 1 4(^)6 2a2 |0), 

= (0|^(0) ODC0 4(^)a4fe42tl(^)6 1 a 1 2tl(^)6 2 a 2 ak^)a 3 63|0} ) 

= (0|^(0) O0Co 4(e l ) 6iai 4(e 2 ) 62a2 4(^)a3632lU^)a464|0), 



which imply, respectively, 



F(9 1 -2iri,9 2 ,0 3 ,9 4 ,) = H(9 2 ,9 1 ,0 3 ,9 i ), 

H{9 2 -2m,9 1 ,d 3 M = L(0 X , 2 , 3 , 4 ), 

L(0i,0 2 ,0 3 - 27ri,0 4 ) = Q(9i,9 2 ,94,9 3 ), 

3(01,02,04-2711,03) = ^(01,02,03,04). 



(V.17) 
(V.18) 
(V.19) 
(V.20) 



We combine Watson's theorem with the periodicity axiom, to express Equations (IV. 17b . ( IV. 18b . ( IV. 19b and dV20b in terms of 
only F(0i, 2 , 3 , 04 )■ We combine dvT7l > with dVOl l. dvT2l i and dvBT l. and find 



I l{Sl,9 2 ) ^(01,02,03,04)- 



F(01 - 27TZ, 2 , 3 , 4 ) = 1^4(01, 04)^3(01, 03 ) 

Combining (TvTT8T > with dVTTT i. dVTOt and (EE) gives 

Vi(0i, 02 - 27ri)] 1 F(01, 2 - 27TZ, 3 , 4 ) = M 2 (02, 04)^1 (02, 4 )-F(0i, 2 , 3 , 4 )- 

Combining dvT9l l with dvT2l . dvTob and dvT6l l gives 



M 3 (01, 03 ~ 27Ti)1ll i(0 2 , 3 - 27Ti)F(0i, 2 , 3 , 4 ) = 

Finally, we combine dV20t with dVBl l, dVTTT i and dvT6] > to find 



-^ 2(03,04) ^(01, 02, 03, 04)' 



(V.21) 



(V.22) 



(V.23) 



5^4(01, 04 - 27n)M 2 (0 2 , 4 - 2tt*) [V 2 (0 3 , 4 - 27r*)l * F(0 1; 2 , 3 , 4 - 2™) = F(0 X , 2 , 3 , 4 ). (V.24) 

The set of equations dV.21b . dV22l i. (lV.23b and ( IV. 24b are difficult to solve, for finite N. In the large-TV limit, the matrices 
A?i,2,3.4 become diagonal and mutually commute, and the matrices / 12 become their own inverses. This greatly simpli- 
fies the problem, allowing us to find the form factors. We expand the form factors in powers of 1/N as F(0i, 02, 03, 04) = 
F°( 0i,6> 2 , 03, 04) + ^^(01, 02, 03, 4 ) + • ■ • , simplifying the periodicity conditions for F°(di, 2 , 3 , 4 ). We combine dV3TT i 
and ( IV22b to get 

F°(01 - 2ni, 02 - 2lH, 3 , 4 ) = M 4 (01, 04)^3(01, 03 A(02, 4 )1l?i(02, 3 )F°(01, 02, 3 , 4 ), (V.25) 
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or explicitly, in terms of the components of F°(9i, 02,63, #4), 





61 - 2iri, 


h - 2m, # 3 , # 4 


F 2 °( 


#1 - 2iri, 


9 2 -2tti,9 3 ,9 4 




#1 - 2ni, 


h - 2m, e 3 , e A 



F2(0 1 -2Tri,0 2 -2iTi,e 3 ,94 
Fg(di-2m,d2-2m,0 3 ,6 4 
F°(9 1 -2TTi,9 2 -2Tri,d 3 ,d 4 

F%{9 l -2ni,e 2 -2in,6 3 ,e i 

F°(9 1 -2TTi,9 2 -2TTi,9 3 ,9 4 
The solution that satisfies ( IV.25I ), ( TV. 151 ) and flV.16t is 



^i°(#l, #2, #3, # 4 



2 \ u i,U 2 ,U 3 , 04 



PI 

10 


+ TTl 


0\ 3 


— iri 


6\4 


+ Tri 


#14 


— iri 


#13 


+ iri 


#13 


— Tri 


#14 


+ TTi 


#14 


— TTi 


U 1 1 


+ iri 


$14 


— Tri 


#14 


+ TTl 


#14 


— Tri 


#13 


+ TTl 


#13 


— Tri 


#14 


+ iri 



i\4 — TTl 



hi + ti 



124 - TTl 
?23 + Ki 



h3 - VI 
hi 4 Tri 



'23 ~ 7Tt 
? 23 + TTi 



23 - 7U 
#23 + 7™ 



f 2 3 - 7T« 

13 + ni 



13 - TTt 
#24 + TTl 



V 24 - TTl 
13 + Tli 



1 i3 - TTl 



^i°(#i, #2, #3, 



: ) F 2 (9i, #2, #3, #4), 

#24 — 7T« 1 
#24 + 7T« 



24 - 7™ 

f2{9\,9 2 ,9 3 , #4), 

F 5 °(0 1 ,0 2 ,#3,#4), 
#24 + TTi " 



F 3 {9i,9 2 , 9 3 , 94), 



'24 - TTl 

r,0 



6^1,(72,(73, 



-F7 (#lj #2, #3, #4), 
23 + Ki * 



?23 - 7" 



l,o 2 , 03,04) 



F 3 {9\,9 2 ,9 3 , #4 
f2{9\,9 2 ,9 3 , 94 



F"{9i,9 2 ,9 3 , 94 



FS(9 1 ,< 



'2,03, 04 



Fy(9i,9 2 ,9 3 , 94 



F° 



'1,02,03, 04 



gi{9i,9 2 ,9 3 ,t 


^4) 




(#13 + TTi) (#24 4 


- TTi) 2 ' 




g 2 (#1, #2 


#37 #4) 




(6*14 + TTi) (023 4 


-7ri)(# 2 4 " 


- TTi) 


52 (#1, #2 


#4, #3) 




(#13 4 TTi) (#23 4 


■ 7T«)(#24 " 


1- 7T«) 


9i{9\,9 2 , 94, t 






{9 U + Tri){9 23 4 


- TTi) 2 ' 




ffl(#2, #1, #3, t 


'4) 




(9 1 4+TTi) 2 (9 23 


+■ TTl) ' 




52 (#2, #1 


#3, #4) 




(#14 4" TTi) (#13 4 


-7ri)(#24 - 


h Tri) 


5l(#2, #1, #4, f 






(#13 4- «) 2 (#24 


+- TTl) ' 




52 (#2, #1 


#4, # 3 ) 




(#14+ TTi) (#13 4 


7ri)(#23 - 


- TTi) 



(V.26) 



where the functions gi(9\,92, #3, #4) and g 2 {9\,9 2 , 9 3 , #4) are periodic under #^2 — > #1.2 — 2-7ri. 
Instead of the analyis of the previous paragraph, we could have combined ( IV.23I ) and dV.24| ) to obtain 

M 4 (#i, #4 - 27re)l$3(#i, #3 - 2m)tt 2 (9 2 , 9 4 - 2m]^ x {6 2 , 9 3 - 2tti)F°(9 1 ,9 2 ,9 3 - 2m, # 4 - 2ni) 

= F°(9 1 ,9 2 ,9 3 ,9 i ). (V.27) 



The condition NjTft is equivalent to dV-251 The solution of dV?27t is dV26] > 

The minimal choice for the functions 5i,2(#i, #2: #3, #4) is to set them equal to constants, 5i(#i, #2, #3, # 4 ) = 

5i j 52 (#1, #2, #3, #4) = 52- These constants are fixed using the annihilation-pole axiom. There is an annihilation pole at 
624 = —Tri. The annihilation-pole axiom (Equation JIH.19t ) implies 

Res| e24= _„(O|O ao c o 2l^(#i) blQl 2t^(0 3 ) Q 3 b 3 2t^(#2) b2a2 2l^(04)a 4 h 4 |O) 
= 2i[(0\O 

-(010^^(9^,^(9,)^ (V.28) 
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We substitute ( 1111.13b into the right-hand side of ( IV.28t to find 

(O|0 ao c o 21^(01 ) & l0 i2lp(^3)a 3 f)3 |0}^a 2 a 4 ^fc2&4 

-(o^co^O^M^)^ 

^ao«4 ^a^a^ ^cgai &bi 63 ^2^4 ~\t^o,qcq $a\a,4 ^0203 &b\ b% ^62^4 



9 .n ~ I "Uf)"4""2"3 "^0"1 ""1"3 "U2"4 i\r 

13 + Ki) I ]\[0 23 \ iV 

1 f-2m 2ttz 4?r 2 \ /„ I 



3<iQa3 $0,20,4 $oiCq ^6263^6164 t\ 7* ^aoco ^103 $0204 ^3 ^61 64 



-2ni ( 1 

^aga3 404*^02 Cq ^61 63 ^62^4 "T7^tlo c O ^ a 2 a 3 ^ a l a 4 ^1^3 ^2^4 



Equation ( IV.28I ) yields for the constants 52 = 87r 2 i, g% = 0. We notice that the double poles present in (IV.26I I vanish, because 
gi = 0. The first term on the right-hand side of (IV.28) is of order 1 /N. This is the reason we introduced a factor of 1 /N in 
Equations dV.lt through dV.8t . 

The minimal four-particle form factor satisfying all of Smirnov's axioms for large TV is 

(° ) a c n \A, 9i,bi,ai;A, 9 2 ,b 2 ,a 2 ; P, 63, a 3 , b 3 ; P, 64,, a 4 , b 4 ) 
, 8?r 2 i 

= Ipi +P2 -P3-p4» -j^- 

J7. I 1 ~ ■ \ £>aoa3<5a 1 c <5a 2 a4<$6 1 b 4 i$&2?> 3 ^7^aoco^(ii03^«204^ib4^2fes 

(#14 + 7r«j(,P23 + Kt){0 2 4 + 7T«; \ iV 

^aoa4^aiCo^a2a3^6ifc3^fc2fc4 ^y^aoco ^ai 04 ^0203 ^6163 ^b^b^ 
^apa 3 ^aia4 ^Q2Cq ^ifc 3 ^^2^4 j^^cto Co ^0203^104*^61 63 ^62^4 



(613 H 


" 7ri)(#23 + 


7Ti)(6»24 - 


- 7TZ) 




1 






(014 H 


-7Ti)(0i 3 + 


7ri)(6>24 - 


- 7ri) 




1 






(014- 


f 7ri)(6»i3 4 


- 7n)(#23 - 


f 7Ti) 



^aoa4^aia3^a 2 co^6i64^6263 ^ao c o ^a2<J4 ^aifl3 ^6164 ^62^3 J f J (V.29) 



which is the main result of this section. 



VI. CONCLUSIONS 



We found the two-particle form factor of the principal-chiral-model current operator, for general N. We were only able to 
find the four-particle form factor for large TV, because the S matrix is much simpler in this limit. 

Form factors of more excitations can be calculated at large N, using this method. As we add particles, the number of functions 
to determine grows very fast. This will be tedious, but perhaps not impossible. We hope it is possible to calculate all the form 
factors in the planar limit. We could use this to find Green's functions and compare with perturbation theory. 

We are interested in applying the form factors found here to (2+l)-dimensional anisotropic Yang-Mills theory. This is a theory 
were the coupling constants are weak, but different in different directions. The form factors of the O (4) -symmetric sigma model 
were used to calculate the string tension [13], and the glueball masses 111411 of the SU(2) gauge theory. We can apply our results 
to extend this treatment beyond the SU(2) gauge group. 
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